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Abstract 

We show that the Born-Infeld action with the Wess-Zumino terms for the Ramond- 
Ramond fields, which is the D3-brane effective action, is a solution to the Hamilton- 
Jacobi (H-J) equation of type IIB supergravity. Adopting the radial coordinate as 
time, we develop the ADM formalism for type IIB supergravity reduced on and 
derive the H-J equation, which is the classical limit of the Wheeler-De Witt equation 
and whose solutions are classical on-shell actions. The solution to the H-J equation 
reproduces the on-shell actions for the supergravity solution of a stack of D3-branes in 
a i ?2 field and the near-horizon limit of this supergravity solution, which is conjectured 
to be dual to noncommutative Yang Mills and reduces to AdS^ x S^ in the commutative 
limit. Our D3-brane effective action is that of a probe D3-brane, and the radial time 
corresponds to the vacuum expectation value of the Higgs field in the dual Yang Mills. 
Our findings can be applied to the study of the holographic renormalization group. 
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1 Introduction 


Recent studies of D-branes have revealed many aspects of the connections between gauge 
theories and gravities (string theories). In particular, the AdS/CFT correspondence PIE] was 
originally based on an observation that the dynamics of D3-branes can be described under 
some circumstances both by super Yang Mills and by type IIB supergravity. First, the low 
velocity dynamics of N D3-branes that are located almost on top each other can be described 
by super Yang Mills, since in this case the higher excited modes of open strings can be ignored 
[3]. Second, the region near the horizon of the N D3-branes, whose geometry is AdS^ x S^, 
is described well by supergravity when the curvature radius R{= (AnggN)^ = 
of AdS^ is sufficiently large. Thus the open-closed string duality leads to a conjecture that 
Af = 4: super Yang Mills with large ’t Hooft coupling is dual to type IIB supergravity on 
AdS^ X 5^ 

Although the correspondence between M = 4 super Yang Mills and type IIB supergravity 
on AdS^ X has been tested mainly at the conformally invariant point j3], the above 
consideration motivates us to conjecture that it is also valid in the Coulomb branch PIE]- 
Indeed, on the one hand, the effective action of the D3-brane probing the N D3-branes, which 
should take the form of the Born-Infeld action [7j on the AdS^ background, is determined 
only by the broken conformal invariance P] . On the other hand, the effective action of A/” = 4 
super Yang Mills in which the SU{N + 1) gauge symmetry is broken to U{1) x SU{N) due 
to the vacuum expectation value of the Higgs field is conjectured to take the form of the 
Born-Infeld action on the AdS^ background in the large’t Hooft coupling limit jH]. 

The effective action of the probe D3-brane should be obtained in principle by calculating 
(the logarithm of) the transition amplitude between the vacuum and the boundary state 
representing the probe D3-brane on the AdS^ x background in type IIB superstring. This 
has not yet been accomplished, because there does not yet exist a quantized theory of type 
IIB superstring on such a background. However, the above argument suggests that one can 
obtain the effective action of the probe D3-brane by calculating the classical on-shell action 
in type IIB supergravity, which is the classical counterpart of the transition amplitude. 

In this paper, we show that this is indeed the case, at least for the ‘flat’ probe D3-brane. 
Here ‘flat’ means that we do not consider fluctuations transverse to the world-volume. The 
formalism suitable for this purpose is that of the Hamilton-Jacobi (H-J) equation in type 
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IIB supergravity, which is the classical limit of the Wheeler-De Witt equation and whose 
solutions are classical on-shell actions. We reduce type IIB supergravity on S^, keeping 
the anti-symmetric tensor held and the Ramond-Ramond (R-R) helds, and obtain a hve- 
dimensional gravity. Adopting the radial coordinate as time, we develop the ADM formalism 
for this hve-dimensional gravity and derive the H-J equation. We solve the equation under 
the condition that the helds be constant on hxed-time surfaces. We show that the Born- 
Infeld action with the Wess-Zumino terms for the R-R helds is one of the solutions to the 
H-J equation. In general, the H-J equation has inhnitely many solutions. Our solution to the 
H-J equation is the on-shell action for various near-horizon geometries of many D3-branes. 
In fact, the on-shell action for the supergravity solution representing the near-horizon limit 
of a stack of D3-branes in a B 2 held jHI, which is conjectured to be dual to noncommutative 
Yang Mills and reduces to AdS^ x in the commutative limit, is reproduced by the solution 
to the H-J equation. It is conjectured that the solution to the H-J equation also includes the 
on-shell actions for general huctuations around this supergravity solution. The solution to 
the H-J equation is the ehective action of a probe D3-brane located in the backgrounds of the 
near-horizon geometries. The radial time corresponds to the position of the probe D3-brane 
and the vacuum expectation value of the Higgs held in the dual Yang Mills. Moreover, 
the solution to the H-J equation also reproduces the on-shell action for the supergravity 
solution of a stack of D3-branes in a B 2 held without the near-horizon limit. It is relevant 
to investigate whether this result for the region outside the near-horizon is universal or 
accidental and due to the special case in which only the ‘hat’ D3-brane is considered. This 
result should be related to the fact that the Laplacian for the transverse parts in the geometry 
generated by a stack of D3-branes is proportional to the hat space Laplacian [3] (see also 
Ref. [TH] ). The supersymmetry should also be essential in this result, since the R-R helds 
play crucial roles in our calculation, and therefore a counterpart to the nonrenormalization 
theorem in the dual Yang Mills should hold in supergravity. We can generalize our analysis 
to the cases of general Dp-branes. 

Our results clarify a relation between the ehective action in super Yang Mills in the 
Coulomb branch and the on-shell action in supergravity. They also lead to the question 
of whether the ehective action in noncommutative Yang Mills or in super Yang Mills in 
diherent dimensions takes the form of the Born-Infeld action. If indeed it does take this 


2 


form, this provides strong evidence of the duality of noncommutative Yang Mills or super 
Yang Mills in different dimensions and supergravities on curved backgrounds. We hope to 
address this problem elsewhere. In general, when one studies the gauge/string duality based 
on the D-brane picture, it is necessary to work hrst in a region of coupling strengths in 
which the supergravity approximation is valid, since the quantization of strings on curved 
backgrounds has not yet been developed well. Therefore, we believe that the study presented 
in this paper represents a prototype for approaches to this problem. 

Another motivation of our work is to understand more general holographic renormaliza¬ 
tion group flows. The authors of Ref. m analyzed the H-J equations around general AdS 
backgrounds and derived the holographic renormalization group equation for the dual gauge 
theories that are perturbed by the operators dual to the scalar helds in gravities. (For fur¬ 
ther developments, see Refs. nacaiiii 113113 El) Our solution to the H-J equation can 
be interpreted as a potential that gives the renormalization group flows generated by the 
perturbations of the operators dual to the tensor helds. Furthermore, our study is expected 
to be useful for understanding the holographic renormalization group of noncommutative 
Yang Mills. 

The organization of the paper is as follows. In section 2, we perform a reduction of type 
IIB supergravity on and obtain a hve-dimensional gravity. The self-duality condition for 
the R-R 5-form is treated carefully. In section 3, we develop a canonical formalism for the 
hve-dimensional gravity based on the ADM decomposition and derive the H-J equation. In 
section 4, we show that the D3-brane effective action is a solution to the H-J equation. In 
section 5, after reviewing the supergravity solution representing a stack of D3-branes in a B 2 
held and its near-horizon limit, we show that the on-shell actions for the supergravity solution 
and its near-horizon limit are reproduced by the solution to the H-J equation. In section 6, 
we show that the solution to the H-J equation obtained in section 4 is the ehective action 
of a probe D3-brane. Section 7 is devoted to summary and discussion. In particular, we 
comment on the extension of our results to the cases of general Dp-branes. The equations of 
motion in type IIB supergravity are listed in appendix A. Some useful formulae are gathered 
in appendix B. In appendix C, we elucidate the meaning of the momentum constraint and 
the Gauss law constraints obtained in section 3. 
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2 Reduction of type IIB supergravity on 


In this section, we reduce type IIB supergravity on and obtain a five-dimensional gravity. 
In this paper, we drop the fermionic degrees of freedom consistently. The bosonic part of 
type IIB supergravity is given by 


where 





-2<I> 






C4 A A F3, 


( 2 . 1 ) 


= dB 2 , Fp ^2 = dCp+i (p = —1,1, 3), 

F 3 = + Co A H 3 , 

F 5 = F 3 + C 2 A H 3 , (2.2) 

the (M = 0, • • •, 9) are ten-dimensional coordinates, and Cp+i is the R-R (p + l)-form. 
In the above equations, \Kq\'^ = for a g-form Kg. One 

must also impose the self-duality condition 

* F 5 = F 5 (2.3) 

on the equations of motion derived from the above action. For completeness, we list all 
the equations of motion and the self-duality condition in type IIB supergravity explicitly in 
appendix A. 

In order to perform a reduction on S^, we split the ten-dimensional coordinates X^ 
into two parts, as X^ = (,^", 9i) (a = 0,---,4, i = l,---,5), where the are five¬ 
dimensional coordinates and the 6i parametrize S^, and we adopt the following ansatz for 
the ten-dimensional metric, which preserves the five-dimensional general covariance: 

ds^Q = GMNdX^dX^ 

= + (2.4) 
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Here hap is a five-dimensional metric. We also adopt the following ansatz for the other helds: 


$ = 0(0, 

B2 = \ BapiO dC A = B, 

Co = x{0, 

C2 = lCap{0dChd^d^C (2.5) 

and 

^^4 = ^Dap^5{OdChdfAdCAd^^ + ^kEg^g^g^0^{e)de,AdejAdekAdei 

= D + kE, (2.6) 

such that 

5 ^[0^Ee^ekB^e^] = Seieje^eiBm^ (2-7) 

where SeiejBkeiem is the totally anti-symmetric covariant tensor in and A; is a constant. We 

have also dehned B, C, D and E\ B and C are 2-forms in the hve dimensions, D is a 4-form 
in these hve dimensions and is a 4-form in S^. We set all the other helds to zero. We 
will check below that the ansatz (O is consistent with the equations of motion and the 
self-duality condition.. From the ansatz (Hi, Fs can be evaluated as 

= G + — k S0^0.0^g^em dOi A dOj A dOk A dOi A dOm-, (2-8) 

where G is dehned byG = G-|-GAi7 with if = | d\aBp^\ d^°‘ A d^^ A d^'^ and G = 

i A ■ ■ ■ A 

We substitute these ansatzes into the equations of motion in type IIB supergravity (A.l)- 
(A.6). By using the formulae in appendix B, we obtain the following equations in the hve 
dimensions: 

flS + 2V<f>vf V - jV® vfV - - \e^*d^xS^x - \e‘*X,sFp'’ 

+ V - 2VfVl=)V + jVf V<=>V + 2(d4,f + 

+ y^PdxP + \e^\F? - = 0 , 
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i?(5) + - 4(50)2 - ^{dpf + 55„05“p - ]-\H\^ + = 0, 

2 8 2 

i?(5) + 4V® v(®)“0 - 2Vi^V(®)“p - 4(50)2 - ^(5p)2 + 45„05“p - ^|i5|2 
-^e2'>(^x)^ - ^e2'^I^P - ^e2'^|G|2 + ^e-^/2^(50 _ 


VW(g-20+|p^7«/3) + Vf (et^x^^“^) + = 0, 


V(f)(et^5“x) 


Vf (et^F^"^) 


= 0 , 

. IpIPff /0«/3717273 
gO -‘-‘ 717273 ^ 


0 , 


vf (ei^G'^"!-"^ = 0, (2.9) 

where 

H = \ d[o,Bp^] dC A A 

F = ^ 5[„G/3^] A A dC, 

G = ^ a ■ ■ ■ a 

F = F + xAH, 

G = G + CAH. (2.10) 

In the above equations, |Fqp = ■ ■ ■ h°‘‘>^'^Laj^...agLp^...p^ for a g-form Fg, (50)2 = h“^5Q,05^0 

and so on. On the other hand, the self-duality condition (E3D gives the relation 

(-^5)0iej6»fc6»i6»m = ^Oidjekdiem ^ (-^5)ai---a5 

= --^j=Goi234:£eiej0kei0m.- (2-11) 

By comparing (EHl) and (EUD, we obtain 

g5p/4 _ 

k = —-j== Go1234- (2-12) 
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The last equation in Q implies that the right-hand side of is constant, so that 

we have verihed that the ansatz (O is consistent with the equations of motion and the 
self-duality condition.. 

One can easily verify that the equations (ESD can be derived from 


— 


^ j + ^dapd^p - hdact>d^p - 


(d^xd’^x + 


(2.13) 


where 


1 ^ volume of ^(^5) ^ 

2«:i 2«:2„ ’ 

Note that by substituting Q and (EH) into the ten-dimensional action (EH) , one can 
obtain the above action, except for |Gp. We have thus reduced type IIB supergravity on 
and obtained the hve-dimensional system. This reduction is a consistent truncation in the 
sense that every solution of can be lifted to a solution of type IIB supergravity in ten 

dimensions. In the remainder of this paper, we set 2k\ = 1. 


3 ADM formalism and the H-J equation 

In this section, we develop the ADM formalism for the hve-dimensional system described 
by (I2.13|l and derive the H-J equation. First, we rename the hve-dimensional coordinates as 
follows: 


= (p = 0,---,3), e = r. 

Adopting r as the time, we carry out the ADM decomposition for the hve-dimensional metric 
dsl = ho,p d^di^ 

= (pn?'+ dr"^+ 2n^dr dx^ + g^y dxP'dx'', (3.1) 

where n and are the lapse function and the shift function, respectively. Henceforth p and 
u run from 0 to 3. 
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In what follows, we consider a boundary surface specified by r = const, and impose the 
Dirichlet condition for the fields on the boundary. Here we need to add the Gibbons-Hawking 
term [TH] to ()2.1d|l . which is defined on the boundary and ensures that the Dirichlet condition 
can be imposed consistently naiiniini- Then, the five-dimensional action with the 

Gibbons-Hawking term on the boundary can be expressed in terms of the ADM variables as 


h = j drd'^x^/^n e 

+ ^ (^-4:{dr4) - + ^{drp - K 


+-^ (^4(9^0 - + ^{drp - n^^d^pY 




-5{dr(j) - n>^d^(f)){drp - n^^d^p) - - - n^Hx^uf 


1 


H-^64 


aP 




-^{drX - n^^d^xf - -^{Fr^Au 


n 


'Fx^uf 


--^{Gr^vXp — Ga^uXp) ) + -^ 


(3.2) 


where 


C = (fi, + 4V„V'‘^ - IVW"? - - ^B^pB^p + ^B^tjyB^p - 

(3.3) 

and is the extrinsic curvature on the four-dimensional manifold given by 

- Vunf,), K = (3.4) 


( -\dpXd^X - ^F,,xF^^^j + 


Furthermore, by introducing the canonical momenta, we rewrite the above expression as 


h = J drd'^Xy/^{7r^''drgpu + T^cl>dr(t) + T^pdrp + dvB^y 

+T^X^rX + T^C^rG^u + dpO f,yXp 

-nH - - GrpZ^ - (3-5) 


with 



H = 






+ 12(irr')^) - £. (3.6) 

= -2V.7r^" + + iipd^p + t^buxH^''^ 

+TT^d^X + + 4C^’'H^n, (3-7) 

= 2V.<, (3.8) 

Z^ = 2V.7r^" - 47r^"^"77.Ap, (3.9) 

^M^A ^ 4V^^/.^Ap_ 


In fact, by varying (USD with respect to tt^, Tip, , vr^, and we obtain the 

relations 

TTpu = e“^7+|p (^-Kp^ + gp^K - “^gpuidrcj) - n^dxcj)) + ^gpu{drp - n^dxp)^ , 

7r0 = e“^7+|p f-4^K + -(9^0 - n^9^0) - -(^^p - n'^cl^p)^ , 

\ n n J 

Tip = Qir - ^( 5 r 0 - n^dp4>) + ^(^rP - n^df^p)^ , 




1 '^_lp- 2 <A+fp^U „Au ^ „A 


n 


^'^^‘^P{Hrpu - n^Hxpu) - -e^PxiFrpu - n^Fxpy) 


-e4 




riiuXp 


n^G 


afiuXp) I ) 


TTx =-e4^(a^x-n^a^x), 


n 


'^Cpu 2,71^'^^ 


n 


^Fxpu), 


1 


'^DpuXp 


24n 


e2^(G. 


rpivXp 


n^G, 


apuXp )? 


(3.11) 


and by substituting these relations into ()3.5p . we reproduce (El). 

Here n, B^-p, Grp and Drpyx behave like Lagrange multipliers, giving the constraints 


// = 0, = 0, = 0, Z^ = 0, Z^'^^ = 0. 


(3.12) 


The hrst of these is the Hamiltonian constraint, the second is the momentum constraint and 
the last three are the Gauss law constraints coming from the U{1) gauge symmetries for H, 
G and D. 

In the remainder of this section, we derive the H-J equation. Let Ppuix, r), 0(x, r), p{x, r), 
Bpu{x, r), x(x, r), Cp^{x, r) and Dp^xp{x, r) be a classical solution of (j3.2|l with the boundary 


9 



conditions 


g^u{x, r = ro) = g^iu{x), 0(a;, r = tq) = 0(a;), p(x, r = tq) = p{x), 


Bpu{x,r 

= rQ)=Bp^{x), x{x,r 

' = ro) 

= X{x), 

Cpu{x,r = rg) = 

Cpu{x ), 


Bpi/Xp {X') 

r = rg) = Dp,^xp{x). 





(3.13) 

dehne 'Kpy[ 

x)r-- by 






TT^'^{x) = 

= rg), 'k^{x)-- 

= ^ct>{x, 

r = rg). 

7ip{x) = np{x,r 

= ’’o), 


7r^^(x) = 

= rg), T^^{x)-- 

= 7t^{x, 

r = rg). 

(^) = 

r = rg). 



= 7f^^"^(x,r = rg). 





(3.14) 


where the right-hand sides of these equations are calculated using the relations (13.111) for 
the classical solution. 

By substituting the solution into (Q with the boundary specihed by r = tq, we obtain 
the on-shell action S', which is in general a functional of g^y{x), • • •, D^yXp{x) and rg. The 
standard argument employed in the H-J formalism leads to the relations (for example, see 

Ref.ng) 


'K^''{x) = 


5S 


w 




x/-g{x) 

1 6S 
\/-g{x) 5Bpy{x) ’ 


^^{x) = 


7r^(a;) = 


5S 


x/-g{x) S(t){xy 
1 6S 
^J-g{x) 5x{xy 


TTp{x) = 


Ti^\x) 


6S 


V-9ix) Spix) ’ 

- 1 ss 

( 2 ^) 


TT' 


liuXp 

D ' 


5S 


X = 


x/—g(x) SDpi^xp[x) 


and 


dS 

drr 


= 0 . 


(3.16) 


(3.16) 


The last equation is characteristic of gravitational systems; that is, the on-shell action does 
not depend on the boundary time explicitly. 

The quantities gpu{x, r = rg), • • •, Dp„xp{x, r = rg) and 7tf^‘'{x, r = rg), • • •, r = 

rg) must satisfy the constraints ()3.12j) . Therefore we see from ()3.13j) . ()3.14jl and ()3.15j) that 
the constraints give functional differential equations for S. The momentum constraint and 
the Gauss law constraints imply that S must be invariant under the diffeomorphism in four 
dimensions and the U{1) gauge transformations. We give a proof of this in appendix C. On 
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the other hand, the Hamiltonian constraint gives a non-trivial equation that determines the 
form of S. We call this equation the H-J equation and solve it in the next section. 


4 D3-brane effective action as a solution to the H-J 
equation 

We assume that the helds are constant on the hxed-time surface. Let Sq be a solution to 
the H-J equation under this assumption. Then, we see from ()J.J|1 . (3.6) and ()3.15|1 that Sq 
satishes the equation 


e2<A-|p 


1 1 JS'o 1 JS'o , 1 / 1 6So^ ^ 




+ 


+ 


2 ^9iiv H 2 \^/^ 6(j) J 5 Sp 


+ 


t(- 


1 J5'n 


^ 1 JS-o 1 / 1 5^0 1 SSo _ 1 5So V 

+ -- X^=T7^ - QCxp^=— - 1 


6(t) 6p 






fiiy 




.e-fp 


V- 


1 JS-n 


i- 


1 


+ I ) +12^ 


2vv^^x7 

= e-2<^+|p^(5«)_ 






pvXp 


We show that the form 

So = Sc + Sbi + Swz + cr 

is a solution to iH), with 

Sc = a J d‘^Xx/—ge~‘^'^~^^, 

Sbi = P f d'^xe~'^sj- det{gp^ + 


(4.1) 


(4.2) 


Swz = I D+ CAB+- x^FAB 


= 7 y d'^Xx/^e^'^^P (^Dp^^xp + ^Cp^^xp + , (4-3) 

where = Bp,, -f Fpy, Fp^, is an arbitrary constant anti-symmetric tensor, and a is an 
arbitrary constant. Noting that 

1 dSBi 


1 1 ^^0 1 ^5-0 

- X^=T7^-SCap 


SBpu x/^ SC, 


pu 


x/^ dDpyXp x/^ 


pu 
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and 


1 6S^ 


VKZ 


= 0 , 


one can see that the left-hand side of iH) can be decomposed into the fonr parts 
L.H.S. of (HU) = (1) + (2) + (3) ) - x (4), 


(4.4) 


with 


( 1 ) = 


f 1 5S, 


1 1 
+ 7;9tiu 


6Sr 1 6Sr 


V ^9^lu 

1 6Sc 1 SSc 
^ 50 5p ’ 

, ^ I SSc 1 6 Sbi 1 1 

( 2 ) = 2g^x9up^=T --+ 7;9p. 


+ 




1 6Sr 


2 5(1) 2 07 =^ 50 / ^\x/^5p 


4 
+ - 


(- 


1 5Sr 


6Sr 1 5^, 


BI 


59pu 5gxp 
1 1 5Sbi 1 5Sc 

:9pu^=- -+ 


2 5gp,„ x/^ 5(j) 


1 55, 1 


5Sbi ^ 1 


55, 


BI 


1 55, 


2 5gpu 5(j) y/^ 5(j) y/^ 5(j) yf^ 5(f) y/^ 5p ’ 


(3) = 


( 


1 55 


BI 


\V^ 59, 


{lU 


1 1 
+ n9pi 


5S 


BI 


5Sbi + 1 1 


55, 


BI 


5gp^ y/^ 5(f> 2 \y/^ 5(f> 


+ 


f 1 55 . 

[V^5B^ 


— 

pu 


r4t = i ( ^ 55^z y ( 1 55tyz y ( 1 55m/z Y 


(4.5) 


(1) and (4) are easily calcnlated as 

(1) = -^a^e“^5+2p^ 

5 




1, 


(4.6) 


In order to calculate (2) and (3), we introduce the 4x4 matrices Q and B: 

{Q)pV = 9lllX, {^)pu = Bpy. 


Then, we have 
1 55, 


V^5gp^ 
1 55b7 

59pu 
1 55b/ 

1 55b7 

yf^ 5(j) 


= = tae-^^+P 

2 




= —0e" 


^ ^ pi/ 

G. 


1 55, 


y/^ 6(f> 

Idetjg +~^ f 1 


det Q 


= -2ae"25+P^ 
^ 1 




det(g + g) 
det Q 

det(g + g) 
det ^ 


g + B-^ g-B^ 

1 1 \ 

B 


g+B g-B 


1 55, 


5p 


= ae-25+0 


(4.7) 
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Using this notation, we can express each term in (2) and (3) in terms of the trace of the 
4x4 matrix and calculate (2) and (3) as follows: 



= 0 , 


_ 1 ,02 -20 

4 det Q 



g + B^ g-B 


1 ^2^-20 det + B) 



From dHH), (jOl), (M and ra, we conclude that Sq satisfies the H-J equation iH) if 


5 = 100 and = 7 I 


2 


(4.9) 


a 


5 Supergravity solution of D3-branes in B 2 field 

In this section, we first review the supergravity solution of N D3-branes in a constant B 2 
field background ^H] and its near-horizon limit j^]. Next, we find that the on-shell actions 
for this supergravity solution and its near-horizon limit are included in our solution to the 
H-J equation obtained in the previous section. 

The supergravity solution of N D3-branes with only ( 52)23 non-vanishing that preserves 
16 supersymmetries IE] is also a solution of the five-dimensional gravity (O given by 



+ {dx^f + h{{dx^f + {dx^f)] + B'^dr\ 
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cos = At^qN. 


9 


(5.1) 
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The ten-dimensional geometry of this solution is asymptotic to flat space for r —> cxo, while 
it has a horizon at r = 0 and behaves like AdS^ x near r = 0. When 6 = 0, the solution 
reduces to the ordinary D3-brane solution. 

In order to decouple the asymptotic region with the B held remaining non-trivial, the 
parameters should be rescaled as 


a 


X 


0,1 


0 , tan^ = —, 
a' 


a' 


X 


r = a'R^u, g = -^g, 


a 


(5.2) 


where b, u, g and the new coordinates x^ are hxed. This scaling corresponds to the Seiberg- 
Witten limit [20] • Then, the supergravity solution (jSIIl) reduces to the following form jOj: 

du'^' 


dsl = a'R^ 


u\-{dxy + {dxy) + 


u 


1 -I- a^u'^ 


{{dxy + {dxy) + ^ 




= g^ 


t 4 4 

a a u 


, , , , , e^l^ = 0lR\ ^23 = ^ , , , 4 , 


u 


^ 4 4 n _ 

= bR^, = dvr^iV. 


(5.3) 


Note that ()5.3j) is still a solution of the hve-dimensional gravity (|S 2 |) with the identideation 
u = r. This solution is conjectured to be the gravity dual of noncommutative Yang Mills 
in which 6^23 = b. When 6 = 0, the ten-dimensional geometry of this solution is identical to 
AdS^ X S^, which is dual to the ordinary A/" = 4 super Yang Mills. 

Let us show that the on-shell actions for and ()5.3|) are reproduced by the solution 
dOj) to the H-J equation. First, by using (ITTTl) . we calculate the values of the canonical 
momenta for (EH) and (E3) on the boundaries specihed by r = tq and u = Uq, respectively. 
For (EH), we obtain 

f-1/2 

... _ — R 

— TToo — VTii — 

g^ho 

f-1/2 / 1 1 \ 

vr 22 = vr33 = f 5r^/o + -r^OrJo - ^ sin^ Orldrjofyhoj , 

= ^^(-20r^/o - rldrjo), tt^ = 4w^o/o, t^B23 = 0, 

9 iT'O 9 n-o 


5rtfo + ^rldrjo 
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(5.4) 


where 


sine 5 , COS0 5 1 

TTx — 0, '^COl — OroJO, 7rD0123 — (^roJO, 


/o = 1 + = sin^ 0/-1 + cos^ 0. 


For (j5.3p . we obtain 


-TToo — VTii — 


3a'^R^ 2/ 4 4x a'^R^ 2 ( 2a^ui 

ui{l + a%l), 7r22 = vr33 = ——3 + 

9 ^ V 


1 + a"^-u; 


4 4/’ 


'^(f) 


4 4, 4 4, 

-(l + a^Mg), TTp = --(l + a^Mg), 7rB23 = 0, 


9^ 


9^ 


„/ „/4 p8 

^ 0 ’ ^C'oi = “ 2 a it ^-Doi 23 =- i , " 44 - 

gb e^f 1 + 


Mn 


(5.5) 


Note that the right-hand sides of (IS3D reduce to the right-hand sides of Q in the near¬ 
horizon limit dH. On the other hand, the solution (03) to the H-J equation gives the 
following canonical momenta: 

1 ^^0 


9iJ,y~9vp 


V^Sgxp 


= i(ae-=*+<. + ,3e-*4)9^„ + ^ 


__i_ 'T 'T' 

1/ 2*^ flX*^ y 'J~ P<J^ ' flX*^ OU'J~ 


pC 7 ^ y j ? 




7Tp = 


1 5^0 




= -2ae-2'^+^ - /?e-'^4, 


1 




h = ae-2<5+P 


1 


'^Bpv> QpXQup 

f3e-^ 


2A 


V^^Bxp 

^pu + 2“^ uvB\p!F^^ + T ojy'j -|- '^e^J^^{Cxp + x^xp), 


= 


^ ^^0 '1 ^puXp Tz’ t: 

7^^-r 

_ „ „ 1 (5S'o _ 7 ^ xp^ 

T^Cpu gpX9up^^^^^ ^£pu Bxp, 

1 (5^0 


'^DpuXp 9 pp' 9uv'9xx' 9 pp' 

where 


= 

V^5D„.„.jV 24 


(5.6) 
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We substitute the values of the fields in (EH) and (Q into the right-hand sides of (I5.6|) . 
setting 


= 0 . 


Noting that A = cos 6 for (jh.lj) and A = yT+'o^^ for (jh.djl on the boundaries, it can 

be easily verified that the right-hand sides of (EH reproduce the right-hand sides of ()5.4|) if 

cose 


a = 10 and (3 = —7 = 
and the right-hands of ()5.5|1 if 

a = 10 and (3 = —7 = 


9 


/2 d4 


(5.7) 


ia'‘R 

a 


(6.8) 


These conditions are consistent with (EH, and EH reduces to (EH in the near-horizon 

limit (EH- 

Next, we compare the value of the on-shell action with that of Sq directly. We substitute 
the values of the helds with r = tq in EH and the values of the helds with u = Uq in (EH 
into (EH, respectively. For EH, we obtain 

aV^rQ 




Sbi = (3 j (fx e-^ A = 


)fo , 


gcos9‘ 


Swz — 7 / (-D 0123 + Cqi B 23 ) — 


7 V 4 
geos 9 




(5.9) 


where V 4 = f d^x. For (EH, obtain 


5'e = 


aV^a'^R^ 4 f3V4a'‘^R'^ 

-- Uq, obi — -:- 


'^V 4 a'‘^R^ 4 


Mq, Swz — 


-Un 


9 


(5.10) 


Here, we set 


a = 0. 


Then, it follows from (EH, (EH, (EH, (EH and EIH that 

for ()5.1jl 


Sq — Sc + Sbi + Swz — 


Mi„4 

g 2 '0 

for EH - 


(5.11) 
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In fj5.9|) and dnn), the quantities for (EH) reduce to those for (EH in the near-horizon limit 
(EH- We calculate the values of the on-shell actions for EH and EH by substituting EH 
by To replaced by r and EH with Mo replaced by u into (I3.5p . respectively. Noting that the 
constraints in ()3.5|) are satished on shell, we reproduce the value of Sq for EH as follows: 


Ton—shell 
-'5 


rro 


drd!^X + 'K^dr(t) + T^pdrP + ■n'^drB^ 




+TrxdrX + T^c + 'JlD^^'drD^yXp) 


4014 r° 


n2 / 

9 Jo 


dr 


1014 




,2 ' 0 - 


(5.12) 


We reproduce the value of Sq for EH in the same way. Thus, we have shown that the on-shell 
actions for the supergravity solution EH and its near-horizon limit (15.3p are reproduced by 
our solution (EH with = 0 and a = 0 when a and [3 take the values in EH and EH, 
respectively. 


6 Effective action of a probe D3-brane 

In this section, we show that the solution (EH to the H-J equation obtained in section 4 is 
the effective action of a probe D3-brane. In section 4, we obtained Sq as a solution to the H-J 
equation EH- Sq is a functional of the boundary values of the fields and an on-shell action 
for a set of solutions of the five-dimensional gravity EH- In section 5, we showed that the 
super gravity solutions EH and (15.3|) belong to this set. Intuitively, the solution to the H-J 
equation corresponds to the effective action of a probe D3-brane located inside and outside 
the near-horizon region of a stack of D3-branes, and u and r correspond to the position of 
the probe D3-brane. In what follows, we give arguments that justify this interpretation. 

The quantities Sbi and Swz in EH together take the form of the D3-brane effective 
action if the metric, the dilaton, the anti-symmetric field and the R-R helds in those terms 
can be regarded as those induced in the D3-brane world-volume and F^y can be regarded 
as the U{1) gauge field strength. Thus, if the above identihcations are valid and Sc can be 
ignored, our interpretation is justihed. 
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First, let us recall the relation between the helds in the target space and the induced helds 
in the world-volume. Let (/i = 0, • • •, 3) be the coordinates of the D3-brane world-volume 
and (q; = 0, ■ • •, 4) be the embedding functions of the D3-brane in the hve dimensions 

The induced metric on the D3-brane is dehned by the pull back 

9.AC) = ( 6 . 1 ) 

The other induced helds in the world-volume are dehned by the pull back in the same way. 
The ehective action of the D3-brane is in general expressed in terms of these induced helds. 
When one considers the ‘hat’ D3-brane, 'C^(C) is constant, so that the induced helds are 
equivalent to the helds in the target space, up to a diheomorphism in the world-volume. 
In our calculation, the hxed-time surface corresponds to the world-volume of the probe D3- 
brane. Hence, the above situation is realized, and the static gauge (= x^) is adopted 

in our calculation, so that the induced helds coincide with the original helds in the target 
space. 

Next, let us show that in the solution to the H-J equation corresponds to the U{1) 
gauge held strength. One can see that (EH) and (Q remain solutions of the hve-dimensional 
gravity even if the helds are deformed as 


Bpu - 

Bfxi/ 


Cp, - 

Cfxi/ C^i/^ 


\u\p ~ 

B^i/Xp dpi/\p 6 c^pi/B\p ^, 

( 6 . 2 ) 


where and are constants. In fact, if we introduce A, S and S in such a way 

that 





d 


/ih'Ap 


dfXu - 

4 , 


(6.3) 


the transformations (EH are identical to the transformations for the U{1) gauge symmetries 
in type IIB supergravity, as explained in appendix C. However, So does not need to be 
invariant under (lOl . because the partial integrations in the arguments in appendix C fail 
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for A, S and S in Q. Instead, and a in So are transformed nnder (Q as 


<J O'— 7 ^ (<^0123 + 6 €[01^23]); 


(6.4) 


that is, is eqnivalent with the constant shift of cansed by the gange transformation. 
Therefore, it follows from a standard argnment in string theory that F^y shonld be the U{1) 
gange held strength in the D3-brane world-volnme. 

Finally, in order to jnstify dropping Sc, let ns see the dependence of each term in (HI 
on the dilaton held. By redehning the R-R helds in snch a way that the action of type IIB 
snpergravity is mnltiplied by an overall factor of one can see that Sbi and Swz are 
proportional to e~^. As is well known, this fact indicates that these terms come from the 
disk diagram in string theory. On the other hand. Sc is proportional to It is natnral 

to consider Sc to come from the sphere diagram in string theory, which corresponds to (the 
logarithm of) the vacnnm transition amplitnde or the vacnnm bnbble diagram. Therefore 
Sc shonld be snbtracted from the contribntion to the ehective action of the probe D3-brane. 
Thns Sbi + Swz in the solntion to the H-J eqnation is interpreted as the effective action of 
the probe D3-brane. 


7 Summary and discussion 

In this paper, we showed that the D3-brane effective action pins the cosmological term is 
a solution to the H-J equation in type IIB snpergravity. This solution to the H-J equation 
reproduces the on-shell actions for the near-horizon geometries of a stack of D-branes and 
should correspond to the effective action in the dual Yang Mills with a nontrivial vacuum 
expectation value of the Higgs held. It also reproduces the on-shell action for the snpergravity 
solution of a stack of D3-brane in a B 2 held without the near-horizon limit. Obtaining an 
interpretation of this result is an open problem. Our hndings are expected to be a prototype 
for the calculations through which the correspondence between gauge theories and gravities 
is checked. They should also shed light on the holographic renormalization group how 
generated by the perturbation of the operators dual to the tensor helds as well as on the 
holographic renormalization (group) in noncommutative Yang Mills. 
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We can apply similar calculations to the case of general Dp-branes. In fact, we have 
already verihed that the Dp-brane effective action plus a cosmological term analogous to 
Sc form a solution to the H-J equation in type IIA(IIB) supergravity reduced on 5®“^ for 
p = 1, 2. This result is natural from the viewpoint of Ref. [23, where it is shown that 
the effective action of a probe Dp-brane in the near-horizon geometry generated by a stack 
of Dp-branes, which takes the form of the Born-Infeld action, is determined only by the 
generalized conformal symmetry. It is relevant to investigate whether these solutions to the 
H-J equations reproduce the on-shell actions for the supergravity solutions of the Dp-brane 
corresponding to noncommutative Yang Mills in p -|- 1 dimensions and our results can be 
extended to the cases p > 3. We hope to report studies of these problems in the near future. 

Some comments are in order. In this paper, we solved the H-J equation under the ansatz 
that the helds are constant on the hxed-time surface. In other words, we solved the equation 
in the mini-superspace approximation. Our solution to the H-J equation corresponds to the 
lowest terms in the derivative expansion of the on-shell action whose derivatives with 
respect to the helds give the beta functions and the anomalous dimensions. It is important 
to obtain the higher-order terms in the derivative expansion, going beyond this ansatz, and 
elucidate what in the Coulomb branch of the dual Yang Mills corresponds to these higher 
order terms. One can also study the structure of the holographic renormalization group in 
ordinary and noncommutative Yang Mills in terms of the higher-order terms. We considered 
only the ‘hat’ D-branes in this paper. In order to treat a D-brane huctuating in the directions 
transverse to the world-volume, we have to develop a new formalism that generalizes the 
ADM formalism in the gravitational system and enables us to consider a ‘local’ time. 
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Appendix A: Equations of motion in type IIB super¬ 
gravity 


In this appendix, we list explicitly the equations of motion and the constraints for type IIB 
super gravity. We have 


1 


^MN + ‘2:DmDn^ ^^MLiL2^N 


(3)LiL2 


_e2$ p(i )pW 
2^ ^M ^N 


* e 2 $ p(3) p 

-^MLiL 2 Af 


(3)LiL2 


2 'J> tti(5) 


4-4! 
-\-Gmn 
= 0 , 




iWLr--L4-‘ N 


-t(5)Z/i ■■■L 4 


--Rg - 2DlD^^ + 2dL^d^^ + 


., 2^1 


Rg + - -liJsl" = 0, 


Dr(e 


—2^pLMN' 


p{3)LiL2L3 _ 


p{5)MNLiL2L3 _ g 


_if® 

g-^LiLzLa 

n p{3)LMN p{3)MNL\L 2 L 3 g 

A g ^LiL2L3-‘- ’ 


D 


p{b)LMiM2M3Mi _j_ ^ ^M\M2M3M4 ,L-i---L% p{3) 


-1(3) 


= 0 , 


(A.l) 

(A. 2 ) 

(A.3) 

(A.4) 

(A.5) 

(A. 6 ) 


2g ^L\L 2 L 3 ^ L4L5L6 

where Dm represents the covariant derivative in ten dimensions. The self-duality condition 
for the hve-form (Q is expressed explicitly as 


jp(5)MiM2M^M4Mz _ _ ^MiM2M3M4M^Li---Lzjp{^) 

gj LiL2L3L4,L5' 


(A.7) 


Appendix B: Some useful formulae 

Let us consider the following reduction of the ten-dimensional space-time on 

= GMNdX^dX^ 
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Kp{i) dCdf + 


(B.l) 


Here, the are {p + 2)-dimensional coordinates, and is parametrized by 6 ^ 1 , • ■ ■, Og-p- 
The ten-dimensional curvatures are represented by the {p + 2)-dimensional curvatures and 
the (8 — p)-dimensional curvatures as 



^fi9j — 




'-P .. 

16 


dapd^p] gf^"\ 


Rp. = i?(P+2) _ vb+ 2 )y(p+ 2 )a^ _ (8 p)(9 p) ^ ^_p /2 

2 16 


where R^^^ is the constant curvature of S'® p. 


Appendix C: Momentum constraint and Gauss law con¬ 
strains 

In this appendix, we elucidate the momentum constraint and the Gauss law constraints. 
First, note that the hve-dimensional action is invariant under the following U{1) 

t r ansfor mat ions: 


dgaugeB dA, 

dgaugeC dS, 

dgauged-^ d ,—i FA Hg- 


(C.l) 


The Gauss law constraints Zg = 0, Zq = 0 and Z^i = 0 imply that the following relations 
hold for arbitrary A, S and S, respectively: 


0 

0 


0 


d‘^x^/^{^pAu - d^Ag,) 


6 S 




1 5S 




-{EgH^Xp - ^uHxpp + Z^xHpgy - Y^pEg^x) 

d Xy/ g ^^dg^i/Xp di/^Xpp T dx^pgu dp^giyx') 


6 S 


dD gyXp 

1 dS 


\/ ~g dDgi/Xp 


(G.2) 
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These relations indicate that S is invariant nnder the U{1) gange transformations on the 
hxed-time snrface. Finally, we examine the momentnm constraint = 0. For an arbitrary 
inhnitesimal parameter this constraint leads to the relation 


0 



1 s s 

x/-g 


5S 


+ s,.(c"aA) - ax^c^x)) 


+ {.^diffD^yXp + DyXpo) — dy{£^ Dxppa) + dx{£^D^ 


) - dpi^e'^D^^xa) 



where 6 diff stands for the diffeomorphism transformation with respect to the parameter 
on the hxed-time snrface. By identifying and e'^Dp^yXa with A^, and 

'^p.vX) respectively, one can see from ()(h2|l and ()(h3|l that S must be invariant under the 
diffeomorphism on the hxed-time surface. 
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